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Abstract. We construct the free energy associated with the wa- 
terbag model of dToda. Also, the relations of conserved densities 
are investigated. 
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1. Introduction 
The dispersionless Toda hierarchy (dToda) is defined by [8] 

{5„(p),A}, ={s„(p),A}, 

dX 

{B^ip), A}, = A}, n = 1, 2, 3, ■ ■ • 

where the Lax operators A and A are 

oo 
n=Q 

oo 

A-' = «oe-^ + $^w„+ie"P 

n=0 

and 

Bn{p) = [A"]>o, B4p) = [A-1<-i. 
Here [■ ■ ■]>o and [• ■ ■]<-! denotes the non-negative part and negative 
part of A" and A~" respectively when expressed in the Laurent series 
of e^. For example, 

B^{p) = eP + u,, B^{p)=uoe-^. 



(1) 



aA 

dtn 

dX_ 

dt„ 
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Finally, the Poisson Bracket in ([T]) is 

, . , , , , , df dg df dg 

One can view A is a local coordinate near "oo" and A as a local 
coordinate near "0" |6j 

According to dToda theory [8j, there exist wave functions S, S and 
the dispersionless r function F (or free energy) 

^(A) = ytnX^ + toinx-y^^x-^ 

^ — ' ^ — ^ n 

n=l n=l 

5(A) = f:a-" + tolnA + f^-f;%^A-" 



n=l n=l 



such that 



5„(A) = at„5(A) = A" - V ^=^A-"^ 



m 

m=l 



i?„(A) = a,„^(A) = - 5^ 



m,=l 



m 

m=l 



OO 02 p 

4(A) = diJ{X) = X- + dl,^F-Y,^^X-. 



m 



In particular, 

p{X) = dt,S{X)=\nX-Y^':^^^X 



totm \ —m 



m 

m=l 



OO q2 p 

(2) p(A) = a,„5(A) = lnA + a,2„,„F-^^e^A- 



m=l 



Also, 



^r^; = ^*o*.^ =-(f X-dp=-(f A™f 

(3) = dl.F = ^<fx--dp=^<fx--^, m>l 
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are the conserved densities of dToda hierarchy, where p = \n^. Then 
the dToda hierarchy ([T]) can be expressed as 



dp{X) dBMX)) dp{X) dBn{p{\)) 

(4) 



dtn dto ' din dto 

dpCX) dBMX)) dp(x) dBnipW) 



dtn dto dtn dto 

A, A being fixed. The systems (jl]) are of the conservational laws for the 
dToda hierarchy. 

From ([2]), one knows that 

Bi {p) = eP + ui = eP + dl,^ F, Bi (p) = uoe"^ = e^'o^o^e-^. 

Then from (j4]), one has 

Pi^ = d,yl^o^e-% p,, = d,,y + dl,F]. 

Then p^^^^ = p^^^^ will imply 

Off F = -e^'o*o^. 

till 

It is the dToda equation. 

This paper is organized as follows. In the next section, we construct 
the waterbag model of dToda type from the Hirota equation. Section 
3 is devoted to finding the free energy associated with the waterbag 
model from the Landau-Ginsburg formulation in topological field the- 
ory. Also, the equations for conserverd densities are obtained. In the 
final section, one discusses some problems to be investigated. 

2. dispersionless hirota equation and symmetry 

Constraints 

The dToda hierarchy ([I]) (or (jl])) is equivalent to the dispersionless 
Hirota equation [2]: 

D.piX) = -dtJn[eP^'^-eP^% 4p(A) = -S^^ ln[l - e*'^^)-^^")] 
D^pCX) = -a<„ln[l-eP(^)^PW], Df,pCX) = -dtMe"^'^^ - 

where 

m=l m=l 
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We can also express them in terms of the S'-function 



D^S{X) = -\n[- 45(A) = -ln[l-eP('^)-^'W] 

A* 

i5)D,SiX) = -ln[l-e^(^)-PW], D^5(A) = -ln[ 



Next, we consider the symmetry constraints [T]. 

• Case(I): Ft^ = ^iSi, where 5'i = S'(Ai). 
Then near "00" we have by ([5]) 

N 

p = In A - DxFt^ = In A - Da ^ e^S'j 

N 



1=1 



^ p(A) _ gh' _ 



In A - ^ ln[ ] , h' = 

i=l 

N N 

In A - ^ Q ln[eP - e^'] + e,) In A. 

1=1 i=l 



Let (^^1 Ej) = 0. Then one gets 



N 

A = ePjJ(eP-e''y^^ 



i=l 



Morever, near "0" we also have df^^^F = ^^^^ €ih\ Then 
pCX) = \nX + dl,^F-D-,F,, 

N N 

= lnA + ^e,/i* + 5^ean[l-eP(^)-'^'] 

i=l i=l 

N N N 

= \nX + J2 + 5^ Infe-^'^^) - e"'^'] + q)p(A) . 

i=l i=l i=l 



Then one obtains 

TV 

1=1 
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Actually, we can see that 



N 



N 



1=1 

N 



Also, 



1=1 



N 



1=1 



N 



i=l 



1=1 



The evolutions for ti and ti are 



N 



i=l 



We can also express them as the Hamiltonian form 







dH + 
dh^ 
dH+ 








dH- 
dh^ 

5/i2 




ti 


dH+ 
I 5h^ J 






ii 


L Sh^ \ 



where 



i + ± 1 ... 

1 1 + ^1 

£2 



1 1 

N 



Case(II): Ft^ = T.i=i^iSi- 
Then 



1 
1 

: 1 

Cat j 



N 



i=l 

N 

= A'^-^Qlnle^-e'O- 
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Hence the Lax operator is 

(8) A™ = e'"^ + M^_ie(™-^)*' + M„_2e('"-2)^' + • • • + wie^ 

N 
i=l 

. Case {lliy.Fi^ = ZLe.S.. 
Then 

TV 
i=l 

N 
i=l 

Hence the Lax operator is 

(9) A-™ = u^e-^'"^' + u^^ie-^'"-!)^ + u„_2e-('"-2)P + ■ ■ • 

N 
i=l 

3. Residue formula and free energy 

In this section, we compute the free energy associated with the wa- 
terbag model of case (I) in last section, i.e., (Q. Also, the relations of 
conserved densities are investigated. 

The free energy is a function F(t^, t^, ■ ■ ■ , t") such that the associated 
functions, 

satisfy the following conditions. 

• The matrix r]ij = cuj is constant and non-degenerate. This 
together with the inverse matrix r]^^ are used to raise and lower 
indices. 

• The functions c*;, = rf^Crjk define an associative commutative 
algebra with a unity element (Frobenius algebra). 

Equations of associativity give a system of non-linear PDE for F(t) 

These equations constitute the Witten-Dijkgraaf-Verlinde-Verlinde (or 
WDVV) equations. The geometrical setting in which to understand 
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the free energy ¥{t) is the Frobenius manifold One way to con- 
struct such manifold is derived via Landau-Ginzburg formalism as the 
structure on the parameter space M of the appropriate form 



The Frobenius structure is given by the fiat metric 

dp)d'{. 



.^^x on d{Xdp)d'{Xdp) 
(10) v{d,d) = -2_^resdx=o{ -777-: 1 



and the tensor 

n1^ ffi fi' \^ d{\dp)d\\dp)d" {Xdp) 
(11) c(5,5,a ) = -$:re.,..o{ } 

defines a totally symmetric (3, 0)-tensor Cijk- 

Geometrically, a solution of WDVV equation defines a multiplication 

o:TM xTM — ^ TM 

of vector fields on the parameter space M, i.e, 

o dtP = clp{t)dt'i. 

From c^^(t), one can construct intrgable hierarchies whose correspond- 
ing Hamiltonian densities are defined recursively by the formula 

^92 / (O r}i//'"^^ 



where / > 1, a = 1, 2, ■ ■ ■ , n, and ■0° = ^7Q,et^ The integrability con 



ditions for this systems are automatically satisfied when the cf- are 



defined as above. 

In the following theorem, one uses In A to replace A, which is the 
dual Frobenius manifold associated with A O [7] . 

Theorem 3.1. Let the Lax operator he defined in ^.Then 

(/) r]{dh,,dhj) = Vij = i 7^ 3 

{II) ri{dh^,dh^ = r]ii = -e- + 
(///) c{dh',dh, ,dhk) = Cijk = Giejek, j ^ k 

{IV) c{dhr, dh^^dhk) = Ciik = eiek[ei + — i ^ k 



e" 

N 



{V) c{^h^ , ,dh^ = da = e^l - Ci - ^ 
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Proof. We see that = ^i-^—g:, where p = In^. Also, we have 
dXnX _ A e^' _ nf=i(^-^fc) 

In the following proofs, we use the formula (|T3l) and the fact that the 
residue at infinity is zero. 

(I) 

ainA dlnX 
dlnA=0 ^ dp 



lnA=0 



din A=0 



(11) 



Vi.dh^^dh^ = Y Res 



-iRes,=o + Res, .0 V Res-^ — m 



_ 2 _ « llfc=l,fe5>^i 



(III) 

c(9,.,4.,a,0 = y Res Qe^'^ie^^^^e^' ULiC 



eiejek, i j ^ k. 
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(IV) 



c(a,.,a,.,a,.) = y Res — ''^ . Sv — 



2 2hi h''rjN (t_„h'\ 

-[Res^=o + Res, m 



(V) 



e"' — e" ' " " e"" — e'''*' 



I ~r 7^ 



£3 . g3 3/.' 

i=i,if^i 



□ 



Let's define ^2 = J2iLi Then we can verify directly tliat 

N 



k=l 



Also, from the Theorem, it's not difficult to check directly the compat- 
ibility (or Egorov's condition) 

dhiCimn — dfiiCimni i,l,m,n — 1 ■ ■ ■ N. 
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Hence one can get the free energy associated with 

N 



l<i<j<k<N i=l 

(15) + ^ E ^.^k[U,{e^'-'''') + Li,{e^''-''% 

l<i<k<N 

where Li^{e^) = YlT=i ^ poly- logarithmic function. Morever, 

from f[T^ . one knows that = YliLi 

We remark that the free energy ( |T5l) is invariant under any permu- 
tation of {h\h^,---h^)- 

Furthermore, we have 



If we define (pi = = ^i-^-^ , then one has 
where 



-0i, « = J, 
0, ^ ^ J. 



From f[T^ . one knows that is the unit element of the associative 
algebra ffT7|) . 

Now, we have the following 

Theorem 3.2. Let iL+ and H~ he the conserved densities defined in 
Q. Then one has 



(I)- n_ ^ gfc.mzL f/n- ^ = C' 
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Proof. (I) 

J oo J oo 



(II) The calculation is similar. □ 

4. Concluding remarks 

We find the free energy associated with the waterbag model ([6]) us- 
ing the Landau-Ginsburg formulation. From the free energy, one can 
establish the equations for the conserved densities i/^ and H~. When 
comparing the watebag model of dKP [3], one can't construct the re- 
cursive operator of or from Theorem 3.2. Therefore, the bi- 
Hamiltonian structure of ([7j) is still unknown. On the other hand, we 
can construct the integrable hierarchy via f|T2|) and f|T6l) : however, it 
won't be the dToda hierarchy. Finally, finding the free energies associ- 
ated with ([8]) and ([9]) is also very interesting. 
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